SCALED ASYMPTOTICS FOR SOME g-SERIES 



RUIMING ZHANG 



Abstract. In this work we investigate the asymptotics for Euler's q- Exponential 
E q (z), g-Gamma function T q (z), Ramanujan's function A q {z), Jackson's q- 

(2) 

Bessel function J v (z;q) of second kind, Stieltjes-Wigert orthogonal polyno- 
mials S n ix\q) and g-Laguerre polynomials Ln {x;q) as q approaching 1. 



1. Introduction 

Euler's q- Exponential E q (z), (j-Gamma function T q {z), Ramanujan's function 

(2) 

A q (z), Jackson's g-Bessel function J„ (z;q) of second kind, Stieltjes-Wigert orthog- 
onal polynomials S n (x; q) and g-Laguerre polynomials L^*\x; q) are very important 
examples in g-series, HH [18] . They are used widely in other branches of math- 
ematics and physics. In this work we will present a method to derive asymptotic 
formulas for these functions as q approaching 1 via Jacobi theta functions. 
For any complex number a and parameter < q < 1, we define [5| l8| fTl] I18j 



aq k ] 



(1) (a;q)ao 

k=Q 

and the g-shifted factorial of a is defined by 

(2) (a; q) n := °' g °° , n G Z. 

{aq n ;q) 00 

We also use the following short-hand notation 

m 

(3) (oi,... J^[(a fe ;g)„, m G N, s 1 ,...,a m eC, n G Z. 

fc=i 

Lemma 1.1. Given any complex number a, assume that 

(4) °<T^<2 
/or some positive integer n. Then, 

(5) = (09^9)00 :=l+ri(a;n) 
(Oj gjn 

/ m 2|a|g" 

(6) |n(o;»)|< 



1-3 
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and 

(7) t ^ = —-—:= 1 + r 2 (a;n 

2|o|«" 



(8) |ra(o;n)|< ^. 
Proof. From the q-binomial theorem [H [HI HU [18] 

(9) (a £i ^ = gM i ^ 

(z;g)oo ^ (g;£?)fe 

and the inequality 

(10) (g;g) fc >(i-g) fc 

for fc = 0, 1, we obtain 

(11) r 2 (a;n) = \ 

and 

, 19 . , , , k y (|g|g°) H1 , Hg" ^/|g|g"\ fc ^ 2|g|g- 

(12) |r2(a '" )l£ Si^wr £ (r^)gli^J £ (i^) 

Apply a limiting case of iJH), 

00 fc(fc-l)/2 

(13) (z; g ) QO = ^ ' / (-z) fc zeC, 
and the inequalities, 



(14) ^~>kq k -\ > Jfcl^fc-D/a, for A = 0,1,.. 

1-9 (1-9) 



to obtain 

oo 

(15) n(o;n)=2 



fc=i 



(<7;<?)* 



and 



^ rial o n ') fc + 1 (1 - ^+i a fe(fc+i)/2 



O (l-g)fe+l (fc + 1)! - 1-g PV 7 ^ 1-g 



The Dedekind ry(r) is defined as [22] 

OO 

(17) ?/(r) := e^/ 12 - e 2 ™ fcr ), 

k=l 

or 

(18) ^(r)=q 1 /i2 ((7 2. (Z 2 )oo5 g = e — , 3(r)>0. 
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It has the transformation formula 

(19) „ = f^r). 
The Jacobi theta functions are defined as 

oo 

(20) 0i (*;<?) := 0i( W |r) := -t £ (_i)* g (fc+V2) 2 e (2k+i), 

A;— — oo 

(21) «2(«;?):=flj(«|T):= J2 <z (fe+i/2) 2 e (2fc+i)™ ; 

fc — — OO 
OO 

(22) 9 3 (z;q):=e 3 (v\r):= £ /e 2 *™, 



(23) fl 4 (^;?):=fl4(t;|r):= £ (-l^e 



fc— — oo 

-±; q e 

fc= — oo 



where 

(24) z = e 2mv , q = e niT , 9(t) > 0. 
The Jacobi's triple product identities are 

(25) ^Ht) - 2g 1 / 4 sin7r W ( g 2 ; (? 2 ) co (g 2 e 2 ™;g 2 ) oc ( g 2 e - 2 ™;g 2 ) co , 

(26) 2 (v\t) = 2 q 1 / 4 C0STrv( q 2 ] q 2 ) oo (- q 2 e 2 ™; q 2 ) oc (-q 2 e- 2 ™; q 2 ) OCl 

(27) 3 (v\t) = (q 2 ;q 2 U(-qe^ iv ;q 2 U(-qe-^ iv ;q 2 )oo, 

(28) fl 4 («|r) - (g 2 ; (Z 2 )oo(ge 2 -;g 2 ) co ( (Ze - 2 — ;q 2 ) oc . 
The Jacobi functions satisfy transformations: 

(29) 6 l (- | --) = -uPLe™''^! (v\t), 



t t j y i 

(30) e 2 (^\-^j= s J^e™ 2 /T6 i {v\T), 

(31) ^|_±) = ^e^«3MT), 

(32) e Jl\-^=^e« i *'T<h{v\T). 



K T T, 

Lemma 1.2. For 

(33) < a < 1, n e N, 7 > 0, 

(34) g = e^" 1 ™" , 
we have 

(35) (g; g)oo = VT^exp (frn-)" 1 - 7 n a ) } {l + O (e" 2 ^) } 
and 

(36) ^ = ^MMl^^r^ {l + O (e~ 2 ^) } 
^ ' (q;q)oo VW >- V 
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as n — > oo . 



Proof. From formulas fTTJl. lfT9)l and ([19|) we get 



(37) 



{q; q)^ = exp (t^tT /12) (t^tT *) 
= y/ r )n a exp (7r7 _1 ri _a /12) rj(^n a i) 



/^"exp (^7-^-712 - 7T7n a /12) e^ 27 ^™") 

fc=i 

/^F exp (^7-^-712 - tt 7 7i712) {l + O (V 27r7 ™") } , 



and 
(38) 



(<?;?)c 



exp (7T7n a /12 - vr7" 1 n" Q /12) 



jl + olv 2 ^™")} 



as n — > 00 . 



□ 



The Euler's g-Exponential is denned bv [5l l8l fTT| [18 



(39) 



fc=0 



z e C. 



The g-Gamma function is defined as [21 [El [HJ [18] 

(40) 



Ramanujan's function A 9 (z) is defined as [TT 



x G 



(41) 



■(-z) fc , zeC. 



z/ > -1, z G C. 



Jackson's g-Bessel function of second kind [3 [U [TTJ [18] 

Stieltjes-Wigert orthogonal polynomials {^(a;; q)}™ are defined as [11] 

<7 fc2 (— a;) fc 



(43) 



S n (x;q) := ^ 



k=0 



{q;q)k[q;q)n-k' 



GC, nGNU{0}. 



Stieltjes-Wigert orthogonal polynomials come from an indeterminant moment prob- 
lem. They satisfy the orthogonality relation 

(44) / S m (x;q)S n (x;q)w sw (x)dx = r— 6 mn , n,raeNU{0}, 

Jo W 9)n ' 

where 

(45) (x) :-- 



-1 



1 



■ exp 



x G 



27r log q \2 log g 
Clearly, the associated orthonormal Stieltjes-Wigert functions are given by 
(46) s n (x;q) := y/ttfaq) )S n (x;q), x G K + , neNU{0}. 
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The g-Laguerre orthogonal polynomials < L« (a;; q) \ are defined as [5l 18} fTT| [T8] 

I J n— 

2 n k 2 +ak( _ \k( „a + l \ 

(47) 4°)(x;g) :=E V.^ 77 ili. ^ , « > ^ C, n G N U {0} . 



k=0 



(q;q)k(q,q a+1 ;q)n-k 



The g-Laguerre orthogonal polynomials come from an indeterminate moment prob- 
lem. They satisfy the orthogonality relation 
(48) 

= ^ ' ,q ' n S m .n, a>-l, n, to G N U {0} , 



/ L^>(x;q)L^>(x;q)w q i(x)dx = ' 
where 

f Ar\\ i \ sin(Tra) (q; £?)«, x c 

(49) w q e(x) := 



7T (g a ;q)oc {-x;q) c 



x G 



a > -1. 



Clearly, the associated orthonormal g-Laguerre orthogonal functions are given by 
(50) 



q n (q-,q)n {x)L £) {x . q)) a> _^ neNu{0 }, x g R+. 



£ n (x;q) := 

For any positive integer n, we define 
(51) X (n):=2{|}, 
then, 
(52) 



. . 71 I 

X(n) = n - 2 ^ - J 





n + 1 




71 


L5J = 


2 




_2_ 



where [^J is the greatest integer less than or equals to x g R and {x} is the 
fractional part of x G R. 



2. Main Results 

2.1. Euler g-Exponential Function E q (z), g-Gamma Function T q (x). 
Theorem 2.1. For 

(53) 0<a<i, n GN, mgM, g = cxp(-2?i" Q 7r), 

we /lawe 
(54) 

£: g (exp27r(7i + n 1 ~ a - ^n~ a )) 

and 
(55) 

S g (- exp27r(Ti+T7 1 - a -i77~ Q )) 

as ii — > oo. 

Similarly, T g (z) has asymptotic behavior: 



: exp 



{7r71- a (77 Q 7J + 77 ) 2 + — (77° - n _ °)} { 1 + O (V™") } 



2 exp (ttti a (n a 77 + n) 2 ) cos{-Kn a u) r / _ 2rf \ i 

(-l)"exp^(277 a - 77- a ) I V 7/ 
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Theorem 2.2. For 

(56) 0<a<i, ueN, g = cxp(-2n~ a 7r), 

we have 
(57) 

1 _ 2(-l) n exp (7m~ a (n a u + n) 2 ) cos(7rn a u) {l + O (e^ 2 ™") } 

T q (\-n-n a u) ~ v^exp (7m°/12 + irn- a /Q) (1 - cxp(-2™- a )) n+ " au+1/2 ' 
and 

^ 1 _ cxp(7rn a /12-7rn- a /12){l + 0(e- 27r ™ a )} 



T q (\+n + n a u) y/n?(l - e -2™-)i/2-n-n«t. 

as n — > oo . 

2.2. Ramanujan's Function A q {z). 
Theorem 2.3. For 

(59) 0<g<l, zeC\{0}, 



we have 

(60) A q (q-* n z) = 



2n ^_ (-«)"{«4(«- 1 ;g)+e(n)} 



q n/2 q Vn/2\ 2 



and 

( 61 ) |e(«)| < 4^3 (i^l- 1 ^) + ^/ 2 J J 

for n sufficiently large. 
Let 

(62) q = exp(-7m~ a ), < a < ^, neN, «£ 

(63) A q (-cxp2Tr(u + n L - a )) = 



. _ exp {7rn _a (n a M + n) 2 } {I + O (cxp(-7rn a ))} 



V2 exp {7rn- a /24 - im a /6} 
(64) 

V2cxp {7rn" a (n a M + n) 2 } {cos(7rn a w) + O (exp(-27m a ))} 

A (cxp 2ir(u + n )) = ; — — -—: 

qy 1 y " (-l)"ex P 7r{n a /12 + n- a /24} 

as n — > oo . 

(2) 

2.3. Jackson's g-Bessel function of second kind J„ (z;q). 
Theorem 2.4. For 

(65) 0<g<l, zeC\{0}, v>-l, 

we have 

66 4 2) [2^zq- 2n -;q = - - / 4 \ 9 ' 'J , 

y ' v V v ' V {-l) n {q;q) 2 00 q n + ni,+v / 2 
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and 

C n/2 J«/2J 2 ) 

(67) \e(n)\< 128 3 (\z\-i; q )^f— + ^ w ^ 

for n sufficiently large. 
Let 

(68) v > -1, g = exp(-7m~ a ), 0<a<i, n e N, u e M, 
i/ien, 

(69) 4 2) (2i cxp (tt(« + n 1 -" + im _ °/2)) ; exp(-7m-°)) 

i 1 ' exp |7rn- a (n a u + n + Z//2) 2 } {1 + O (cxp(-7m a ))} 
2Vn°exp7r{n- a /12 - n a /3 - n- a ^ 2 / 4 } 

and 

(70) 4 2) (2 cxp (tt(« + n 1 "" + im _ °/2)) ; exp(-7m-°)) 

exp j^n -0 (n a u + n + f/2) 2 } {cos(7m a w) + O (cxp(-27m a ))} 



(-l)"V^exp7r {n- a /12 - n a /12 - v 2 n - a /^} 
as n — > oo . 

2.4. Stieltjes-Wigert Orthogonal Polynomials S n (x;q). 
Theorem 2.5. For 

(71) 0<g<l, zeC\{0}, 

we ftave 

_ (-z)L»/ 2 J{g 4 (z-^ X ("); g ) + e (n)} 

^ W<? ' q )~ (g;g) 2 o9 Ln/2JL(™+l)/2J 

and 
(73) 

|e(n)| < 1203 (kf 1 + |z|L«/4y»/4J a -x<»)L»/4J + g L"/^ 2 ^(»)L»/4j 

/or n sufficiently large. 
Let 

(74) 9 = cxp(-27m~ a ), 0<a<i, n e N, u e K, 

(75) S„(- cxp 2nn~ a (n a u + n); exp(-27rn~°)) 
_ cxp{7rn- a (n a u + n) 2 /2} {l + O (e~™ a I 2 ) } 



(76) 



/2n a cxp {nn a /6 — 7m a /6} 
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(77) S n (exp (2irn- a (n a u + n)) ; cxp(-27rn" a )) 

— exp [™-l(n a u + n) 2 } {cos § (n a u + n) + 0(e-™ a )} 



n" exp {7m a /6 — 7m a /24} 

for n sufficiently large. Consequently, 

(78) s„(exp 2irn- a (n a u + n); exp(-27m~ a )) 

_ exp(-wr/2) {cos f (n a u + n) + O (e"""") } 
v / 7rexp(37m 1 - a /2 + nn- a /4) 

as n —* oo. 

2.5. g-Laguerre Orthogonal Polynomials Ll"^ (x; g). 
Theorem 2.6. For 

(79) 0<g<l, zeC\{0}, a>-l, 
we have 

(«),,„-»-«. ^ _ (-^) L " /2J V<»>; q) + e(n)} 



(80) LW(zq- n - a ;q) 



ana 
(81) 



(9!9)L<? L ™ /2J L(rl+1)/2J 



g |z|[n/4J + |z|L«/4j ? L™/4j 2 -xHLn/4j + i_ 

for sufficiently n. Let 

(82) q = cxp(-27rr7T a ), < a < i, a > -1, n e N, u e R, 

(83) Z£(- exp 2tt(m + n 1 "" + an~ a ); exp(-27rn" a )) 

exp {^(n a u + n) 2 } {1 + O (cxp(-7rn a /2))} 
\/2n a exp7r{7rn _a /6 — 7m a /6} 



an ft 



(84) L^(cxp27r(u + n 1 " a + cm~ a ); cxp(-27rn~ a )) 

"^"expj^^ (n Q u + n) 2 } {cos § (n a u + n) + O (cxp(-7m a ))} 



n" exp{7rn a /24 + 7rn" a /6} 

as n — > oo. Consequently, 
(85) 4 Q) (exp 2tt(m + n 1 "" + arj-"); cxp(-27m- a )) 

1 exp(-7ru/2) {cos §(n a w + n) + O (cxp(-7rn a ))} 
~ exp ^(3n 1 - a + a 2 n a + n a /6 + 2an- a + n~ a /2 - a 2 n- a ) 
as n — > oo . 



scaled asymptotics for some g-series 
3. Proofs 

3.1. Proof for Theorem [231 

Proof. It is clear that 

(86) 
Thus, 

(87) E q (q- n+1 ' 2 e 2 ™) = (-q- n+1 / 2 e 2 ™; q)oo 

n — n 2 /2J2^nu ( n __ n l /2 Jlitu n l/2^ — 2ttu, n \ 



and 



Since 
(89) 



i^g ) ( zq ,q )oo - (q,-z-l q V*+n. q)oo 



(9,-9" +1/2 e- 27ru ;g) 00 
_ q-™ 2 /^ 27 "™^ 2 ™;^ 1 / 2 ) 

E q (-q- n+1 / 2 e 2 ™) = (?- n+1/2 e 27r "; g ) 00 

(-l)"g" n2 / 2 e 27rntl (g, g 1 / 2 e 27 ™, g i/2 e -27r M . 9 j 

- ( (?j qn+l/2 e -2^.^ oo 

_ (-l) n q- n2 / 2 e 2 " nu e i {e 2lTU ;q 1 / 2 ) 
1 exp{^(n a -n- a H r / 9 «\ 1 

W (- g n + l/ 2e 1 -^ ;g)oo =1+0 (" ae 

(91) (gW+1/2e -^ ;g)oo = 1 + (^ 

(92) 6> 4 (e 27rtl ; g 1/2 ) = 6» 4 (m|n- a i) = Vn" exp(7m a w 2 )6l2(n a u|n a i) 
= 2Vn° cxp f 7m a w 2 - ^) cos(7m a w) |l + O (V 27m ") j 



-e - 2 ™ 



-e - 27r " 



4 
and 

(93) 6> 3 (e 2rrtl ; q 1 / 2 ) = 8 3 (ui\n- a i) = eMmi a u 2 )6 3 (n a u\n a i) 

= V^exp(7rn a u 2 ) |l + O (V 7 ™") | 

as n — > oo. Thus, 
(94) 

£:, z (exp27r(u+n 1 - a -in- Q )) = cxp |vrn~ a (n a u + n) 2 + ^(n a -n~ a )j |l + O (e 
and 
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(95) 

i „ 1 ,nn 2exp(7rn a (n a u + n) 2 ) cos(irn a u) r / 9 ^„a\ 

E„ -exp27r (u+n 1 - a --n- a )) = ^— 1 . ' ' i-r '- ll + O le" 2 ™ 

qy v v 2 " (-l)"exp^(2n a - n" a ) IV/ 

as n — > oo . □ 
3.2. Proof for Theorem [2721 

Proof. Observe that 

1 (? 1/2 - n e 2 ™;g) m 



(96) 



T g (1/2 - n - n a u) {q; ^(1 - g )«+"««+i/2 

(q, g 1 /2 e -27T« ) g l/2 e 27T«. 9 ) oog -n 2 /2 e 2™n 



(-l) n (l - 9)"+ n<l ' lt + 1 /2( 9) g, (? n+l/2 e -27r«. ^ ' 

Since 

(97) ^^-^.^ - ^ -P (-V6 - -- 7 6) {l + O (e— " ) } , 
and 

(98) (q, q 1/2 e- 27TU , q 1/2 e 27TU ;q) QC = O^ui | n" a z) = n a/2 e™*^ 9 2 (n a u \ n a i) 

= 2n a/2 ex P 7m a (u 2 - 1/4) cos(n a wr) |l + (V 2 ™") | 

as n — > oo. Thus, 
(99) 

1 _ 2exp7r(n- a (n a M + n) 2 )cos(7m Q M){l + C(e- 27r ™ a )} 

T q (1/2 - n - n a u) (_l)n„a/2 (j _ e -2 7 r„-)«+« a "+ 1 /2 exp (^a/^ + TO -a/ 6 ) 

as rt —>■ oo. 

Similarly we could prove that 

(100) 1 = cxp(W/12 - nn- a /l2) {l + O ( e - 2 ™°) } 

' ^ r g (l/2 + Tl + n a u) n a/2(l_ e -2Tm-"y/2-n-n<"u 

as n — > oo . □ 
3.3. Proof for Theorem [2731 

Proof. Write 

(101) ^(^(g^Joc = f] (-z,- 2 ")* 

fc= o w^ fc 

n oo 

= J2f(k)q k \-zq- 2n ) k + £ /(fc), fe2 (-zg- 2 ") fe 

fc=0 fc=n+l 
= Si + s 2 , 

where 

(102) f(k) = (q k+1 ;q)oo, fceNU{0}. 
Clearly, 

(103) |/(fc)|<l, fc€NU{0}. 
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Reverse summation order in Si to get 

n 2 n 

(104) ^-=Y^f(n-k)q k2 (-z-r- 
{ z) k=0 

By Lemm aTTTl we have 

(105) |/( n _fe)_i| = | ri ( 9;n _fc)|< JL_ 
for < k < \ %\ and n sufficiently large. Hence, 



( l06 ) Sy^E/^-^Vo' 

^ ' k=0 

oo oo 



EyV*- 1 )*- E i k (-^) k 

k=0 fc=|n/2j 
L"/2J-1 n 
E <Z fc2 (-^ 1 ) fe {/("-fc)-l}+ E 9 fc2 (-^ X ) fe /(n-fc) 

A;=0 fc= L"-/2J 



oo 



E^ (-9 X(n) ^ 1 ) fe + Su + S i 2 + Sl3 . 



fc=0 



Thus, 



(107) 



z| , i .LT./2J IM — — - VI— 1 , |Ln /2j 

fe=|n/2j Vl 17 l z l fc=0 Vl 1 



and 

fc 



2o»/2 ~ 2 / i \ fc 26*3 (lzl" 1 ;?) „ 



for n sufficiently large. Let 

(109) ei(n) = sn + S12 + si 3 , 

then, 

< q n/2 q [n/2^ 



(HO) \ ei (n)\< 28 3 (\z\-\ q )^f—+^ [n/2 

and 



« 2 x 

siq 



(HI) & = E<T (-O^ + exCn), 

1 ' fe=0 

for n sufficiently large. 

Shift the summation index from k to k + n in S2 we obtain 

2 oo 

(112) fS = S^ ( - z)fc/(n + fc) - 

*> ' fe=i 
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Lemm aTTTl implies that 

(113) |/(n + *)-l| = |n(«;n + fc)|< 



for k £ N and n sufficiently large. Thus, 



T) 2 

S2q 



( 114 ) 7I^=E«* ("*)*/(*» + *:) 

^ ' fe=l 



■DC 



£<Z fc (-z) fe + ^> fe (-z) fe {/(« + fc)-l} 

fe=l 

— OO 

2 g* a (-«- 1 )* + e a (n), 



fe=-i 

and 



2 g" v-^uifc^- ^(kr 1 ;?) » /2 



(H5) leaWI^^E^N^^ 
for n sufficiently large. Hence 



«fc=i 



A(g 2 "^)(g;g)oog" fl / _i \ - / \ 

(116) -2 — — =6 4 (z ;q)+e{n), 



with 



q n/2 q \n/1\' 



(117) \e(n)\<*9 3 (\z\-i; q )lf_ q , 

for n sufficiently large. 

From the properties of #3 and #4 we get 



(118) 3 (M -1 ;* 



is [iu I n zj 

a ni 1 \ n / a , i „ a * 



= exp {7rn a u 2 } 6» 3 (n a u | n a i) 
= exp {7m V} {l + O (e - ™") J , 

and 

(119) 4 (z- 1 ;q) =6 4 (iu\n- a i) 

= Vn° exp {nn a u 2 } 9 2 {n a u \ n a i) 

= 2V«°exp {mi a u 2 - mi a /4} cos(irn a u) {l + O (exp(-27m a ))} 
as n — > 00. Observe that 

(120) n a < 
for 0<d<^asn^ 00, thus, 

) 2 }{l + C(exp(-7rn a ))} 



(121) A g (- exp 2tt(u + n )) = 



V2exp {7rn- a /24 - 7m Q /6} 
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and 
(122) 

t V2exp{7m- Q (n a u + n) 2 }{cos(7m Q u)+C(exp(-27rn Q ))} 

A (exp 27t(m + n )) = ; — — '—. — — r 

9V 1 y " (-l)"ex P 7r{n a /12 + n- a /24} 

as n — * oo . □ 
3.4. Proof for Theorem EOl 

Proof. It is clear that 

4 2) (2^q~^;q)(q;q)l ~ 

( 12 3) — v (xg - v J 2 = E i k (-*) k m, 

y q ' fe=0 

where 

(124) f(k):=(q k+1 ,q u+1+k ;q)oo, keNL){0}. 
For v > — 1, we have 

(125) |/(fc)|<l, fceNU{0}. 
It is clear that 

(126) 

4 2) (2v/zg- 2n -";g) (g; g^" 2 ^ 1 ^ 72 



C — l") ra z n + y / 2 

v ; fc=0 k=l 

Notice that for k > 0, 
(127) 

f(k) - 1 = {n (g; fc) + 1} {n fc) + 1} - 1 = n(q; k) + n^ 1 ; fc) + r^g; fc)r 1 (^+ 1 ; A;), 

then, for sufficiently large n, 

2o™/ 2 

(128) < — < 1, 



1-3 



and Lemme tlTTl implies 



fio™/ 2 77 

(129) |/(n-fe)-l|<^ — , 0<fc< 



1-9 



2. 



and 

(130) /(n + fc)-l < < ^ — , fcGN. 

1-9 1-9 



Similar to the proof of Theorem 12.31 we have 

( v z"+ !/ / 2 |04(2- 1 ;g) + e(n)) 



and 

(132) \e(n)\< 126 3 (\z\- 1 ;q) 



q n/2 q ln/2\< 



l-q |z|L«/2J 



for n sufficiently large. The rest of the proof is very similar to the corresponding 
part for Theorem [231 □ 
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3.5. Proof for Theorem [HH 

Proof. As in the proof for Theorem 12.31 we have 
(133) 



(g; q)loSn{zg n ;q) 

(_ z )L«/2jg-L«/2jL(™+l)/2J 



LfJ 



fc=0 



where 
(134) 
Clearly 
(135) 
Observe that 

(136) f(k) - 1 = ri (g; fc) + r\{q\n- k) + n(q; k)ri(q;n- k), 

and if 



f(k) = ; q) 00 {q n - h+1 ; g)oc, fc = 0, 1..., n. 
|/(*)|< 1, fc = 0,l,...,n. 



(137) 



< < 1 

i - q 



for n sufHciently large, then Lemm aTTI gives 
(138) 



n 6o™ /4 

l/( 77 -fc)-l| < , 0<fc< 

L 2 J 1 — q 



and 

(139) 

Thus, 

(140) 

where 
(141) 



N. 



{T,q)loSn{zq n ;q) 
(_ z )L«/2j g -L»/2JL(«+i)/2J 



= 4 (^ 1 g x( " ) ;9) + e(n), 



|n/4J-l 



e(n) = - £ g fc3 (-z-V (n) ) fc + £ ?"KV W f(/(0-*)-l) 

fc=[n/4j fe=0 
L"/2J oo 

+ £ g fc2 (-z-v (n) ) fe /(^J-fc)- E 9 fc2 (-^- x(n) ) fe 

fc=|n/ 4 J fc=L"/ 4 J 
Ln/4J-l L(«+1)/2J 



Therefore, 



fc=|n/4J 



(142) 



(-z)L«/2j {e 4 ( z -V (n) ;«) + e(n)} 
(g;q)^gLn/2JL(«+i)/2j 
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and 
(143) 

|e(n)| < 120a (|*|" V (n) ;« 



„n/4 , „L"/4J +x(")L"/4J 

g + | z |L«/4J g L"/4j 2 -x(«)L"/4j + £i' 



1-5 



I L"/4J 



for n sufficiently large. 
From the relations 



(144) 



n - x(n) 



n + 1 



n + x{n) 



Lemma 11,21 and transformation formulas of theta functions we get 

(145) S n (- exp 2nrT a (n a u + n); exp(-27m~ a )) 

_ exp {im- a {n a u + n) 2 /2} {l + O (e^""/ 2 ) } 
\j2n a exp {7m~ a /6 — 7m a /6} 



and 



(146) S' n (exp27rn" a (n a M + n); exp(-27m~ Q )) 

-2~exp + n)} {cos f (n a u + n) + O (e"™ ) } 

exp {7m~ a /6 — 7m a /24} 
as n — > oo . 

Lemmc Trn and Lemmg [L2l also give us that 



(147) (q;q)» 



hence 



(<?; q)c 



(q n+1 ;q)c 



■ (nn- a /12 - nn a /12) {l + O (V 2 ™") } 



2tt 



(148) V 'w sw (exp2n{u + n 1 ~ a )) = -y= exp ( — (u + n 1_a + n~ a / 2 

thus 
(149) 



vV W,q) 

(exp27r(u + n 1 a )) 



Z7T 



71 "7T. „ ,n UTT 



x exp 



-a _„a 



in" 37m 



l-a 



{i + e>( e - 27 ™ a )} 



12 24 2 
as n — > oo. Then we get 

(150) s„(exp 27m _Q (n a u + n); exp(-27m~ a )) 

_ exp(-u7r/2) {cos f {n a u + n) + O (e^ 7 ™") } 
0rexp(37m 1 -°/2 + 7rn- a /4) 



as n — > oo. 



□ 
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3.6. Proof for Theorem [2^1 

Proof. Write 
(151) 

4°W n - a ;g)(g;g)go " J 

(_ 2 )L"/2Jg-L«/2jL(«+l)/2J 



fe=0 



L(n+1)/2J 



= Q k (-^V (n) )\g( | -k)+ i k (-zq- x(n) ) k 9( i +k), 



fe=0 



where 
(152) 

Then 

(153) 
Thus, 

(154) 

where 
(155) 

e(n) = 



9(h) 



\g(k)\<l, fc = 0,l,..,n. 
Li a \zq- n - a ; q )( q ; q )l 



(„ z )L«/2j g -L»/2JL(«+i)/2J 



-0 4 (^ 1 g x( " ) ;g) + e(n), 



oo L«/4J-1 

- E g* a (-^V (n) )*+ E q k \-z-^) k {g{ 

fc=|n/ 4 J fe=o 
|n/2J oo 

E / ( -,-v^)^([|J-fc)- E g fc2 (--g- x(ri) ) fe 



-fe)-i) 



fe=|n/4J 
Ln/4J-1 



fe=0 



fe=Ln/4j 

L(n+1)/2J 



£ g fc2 (-g- x(n) ) fc (3([fj+fc)-i)+ E ? fe2 (- 



g{ 



fe=[n/4j 



For a > — 1 and sufficiently large n with 
(156) 



2 q n / A 
< — — < 1, 



1-3 
we expand 

(157) 

9(k) - 1 = {r 2 (q a+1 ;n) + 1} {n (g; n - fc) + 1} {n (<?; fc) + 1} {n (g Q+1 ;n - fc) + 1} - 1 
and estimate each term using LemmgQTI] to get 

30<?™/ 4 
g 



(158) 
and 
(159) 
Therefore 

(160) 



i.g(y -k)-i\<^—, o< fc <y, 

. , n I , , . 30g™/ 2 30g"/ 4 , „ 
\4- 2 \+k)-l\<^-<^—, ken. 



(-z)L"/2J (6Jz- 1 q^:q)+e(n)} 

4 } (*? ;?) = - — — — - — — — — 



(g;g)Lg L " /2J L(" +1 )/2J 
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and 
(161) 

|e(n)| < 60<? 3 (|*|-V (B) ;fl) 9 , „„ rtl + |z|LV4j g Ln/4j 2 -x(n)Ln/4j + ? 



2 



L«/4j 1 i-i ^ 1-g 



for sufficiently n. 

Formula (|144p and transformations for theta function imply that 

(162) L™(- exp 2vr(u + n 1_ ° + an""); exp(-27m - °)) 

exp |^p(n a w + n) 2 | {1 + O (exp(-7rn a /2))} 
\/2n a exp 7T {7rn~ a /6 — 7rn a /6} 

and 

(163) L"(exp 2tt(u + + cm -0 ); cxp(-27rn" a )) 
^-exp|^f^ (n a u + n) 2 | {cos f (n a u + n) + O (exp(-7rn°))} 



exp {jm a /2A + 7rn- a /6} 



as n — > oo . 
Since 



(164) 

g"(g;g)n , -n-os sin(7ra)( g;g ) 00 z a q^- a ) n - a '(q;q) n 

sin(7T a) (q;q) 4 c 



) 4 

/OO 



7r(l- ( j-«)((7,q 1 -«, 9 «+ 1 ;g) c 

7 — n+a „n(n+3)/2 — a 2 



(1 + zg- Q )(g, -zq 1 -* - z"V +a ; q)^ 
{1 + 0(n a exp(-27m 1 " a )} 

exp7r(w(2a- In - 1) + 2o?rT a - n 1_a (n + 3) - 2an -0 - n" Q /6 - n a /3) 



9\ (an a i\n a i)02(ui + an a i\n a i) 
{l + C(exp(-27m Q )} 



7T 

^2 



n a exp (—7m a (n a u + n) — 7ru) {1 + 0(exp(— rf)} 
~ 27rcxp7r(3n 1 - a + 2an~ a - a 2 n- a + a 2 n a + n~ a /6 + n a /l2) 
for n sufficiently large. Therefore, 

(165) 4 Q) (exp2 7 r(u + n 1 " a + an- Q );exp(-27m- a )) 

1 exp(-7ra/2) {cos§(n a u + n) + O (exp(-7m°))} 
~~ exp f ^n 1 -" + a 2 n a + n a /6 + 2an- Q + n- a /2 - a 2 n- a ) 
as n — > oo. □ 
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